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Abstract 

Using a special ansatz for the metric, by straightforward computation we prove that 
gravi-dilaton effective action in higher dimensions is reduced to the p-brane action. The 
dual symmetry of the generic type a < — > - is an important symmetry of the reduced action. 
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In this brief note, by a straightforward computation we prove the surprising result that 
using a particular ansatz for the metric the gravi-dilaton action in d+ 1 dimensions is reduced 
to the p— brane action. This result may be of special interest in the Randall-Sundrum 
scenario [1-2], string theory [3] and M-theory [4]. 

Our starting point is the graviton-dilaton effective action with cosmo logical constant: 

S = - T ^ T7 J d d+l y^-ge-\R + (V0) 2 + 2A), (1) 

where Gd+i is the Newton constant in d + 1 dimensions, = 4>{y a ) is the dilaton field and 
R is the Ricci scalar obtained from the Riemann tensor 

DM "PM _ "PM I "PM per -p^i -per (c\\ 

h vaf3 1/(3, a i/a, ua \ I 

and the metric tensor g a/ 3, with a, (3 — 0, 1..., d. Here, is the Christoffel symbol: 

r a/3 = -^9^ {9voc.fi + 9u(3,a ~ 9af3,u)- (3) 

Consider the ansatz 

9ab = 9AB(y C ), 

9ij = akiy^atiy )^, (4) 
9Ai = 0. 

Here, the indices A, B, ...etc. run from to p, the indices ...etc. run from p + 1 to d and 
the only non- vanishing terms of r}\ 1 - are 

rfij = 1, when k = I = i = j. (5) 

Assume that 

<j> = <P(y c ). (6) 
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From (3), (4) and (6) we find that the only non- vanishing Christoffel symbols are 



Tfj = -a k d A ai r]fj, 

T) A = a k d A anj k % (7) 



-pA -pA 

1 BC — 1 BCi 

where Y^ c is the Christoffel symbol associated to cjab- Here, a 1 = a" 1 , so we can take 
g ij = a k a l rf k {. 

From (2), (4) and (7) we discover that the only non- vanishing components of the Riemann 
tensor are 

tdA _ r>A 

n BCD — ^BCDi 

Rf Bj = -a k D B d A air]fj, 

(8) 

R% B = -a k D B d A air]%, 

Rjki = -a m d A a n a r d A a s {rC k rf j s l -VmiVjk)- 

where Da denotes a covariant derivative in terms of T BC . From (8) we find that the non- 
vanishing components of the Ricci tensor R^ v = R^ av are 

RAB = RAB — ^DbQaO'ii 



(9) 



Rij = -(a k D A d A ai + a m a k d A a m d A ai - d A a k d A ai)r)V. 
Thus, the Ricci scalar R = g^R^ is given by 

R = —2a l D A dACLi — a % a?dA(iid A aj 
+a l a j dAa k d A air)i J l + R. 



(10) 



Therefore, the action (1) becomes 

S = -Te^TT I dP+1 y V=gna s e-t>{ -WD^a^- a i aW A a l d A a J 

(11) 

+a i a j d A a k d A a l r ) V + d A <pd A <P + R + 2A}, 

where G p+ \ is the Newton constant in p + 1 dimensions. The relation between G p+ i and 
G d +i is 

77^ = 7^, (12) 

where V n is a volume element in n = d — p dimensions. This action can be rewritten as 
S = -n^J <P+ 1 yV^D A (-2na,e-*a i d A a i ) 

%— J d p+1 y^gUa s e-' t '{a i a j d A a i d A a j - 2d A 4>a i d A a i (13) 



167tG p+ i 



+d A (f)d A (t) - a i a?d A a k d A a l r ] \l + 2A} - J dJ i+1 y^gYla s e-^R. 

Classically, since the first term in (13) is a total derivative we can be drop it. Therefore, we 
have 

S = -le^TT J ' d p+1 y^f-gTla s e-*{a i a : >d A a i d A a j - 2d A <pa i d A a i + 



(14) 



+d A <pd A cf> - a*aW A a k d A a lV f] + 2A} - j^-^ j dr+ 1 y y /=gILa a e-*R. 
Let us define x° as 



na s e~ = e~ x . (15) 



We find 



x 



-$>a s (16) 



and therefore, 



d A x° = 8a4> — a s d A a s . 
Thus, the action (13) becomes 

S = Te^TT / dv +l y^ge~ xQ {-d A x Q d A x Q + aV ' d A a k d A a l r 1 f J - 2A} 

ifdP +1 yV=ge- x °R, 



167rG p+ i 

It is not difficult to see that (18) is invariant under the duality transformation 

1 

Cli < — > —. 

cii 

Let us define the p-brane coupling "constant" Q p in the form 

e-*° 1 



and the variables x % as 

x % = In aj. 

Using the expression (19) we find that (18) can be rewritten in the form 
S = If ^y^{-d A x°d A x + a i aW A a k d A a l ^J - 2A} 

If we now consider the definition (20) we find that (21) becomes 

S = \ J ^^{-d A x Q d A x Q + d A x l d A x^ i3 - 2A}} 

We easily note that (22) can be written as 

S = y^^9[9 AB dAX^d B x%o-2A} 



where 77^ = diag(—l, 1, 1). Here the indices fi, z>, ...etc run from to n = d — p. By setting 
the cosmological constant A as 



we recognize the action (23) as the p-brane action. 

Let us make some final comments. We have shown explicitly that the p-brane structure 
is contained in a higher dimensional effective gravi-dilaton theory. In fact, our result is 
very general since applies to any higher dimensional effective gravi-dilaton theory and any 
p-brane. The case of 0-brane (point particle) corresponds to a cosmological model and in 
fact such a case has already been considered in the literature (see Ref. [5] and references 
there in). The case of 1-brane, corresponding to strings, is of great importance and deserve 
a special discussion. 

From the point of view of the traditional string theory history our result is clearly in- 
triguing and surprising. Since for strings p — 1, from (24) we see that A = and the action 
(23) is reduced to the well-known Polyakov action. Let us assume that this reduced action is 
the bosonic sector of the superstring action. We know that for superstrings, at the quantum 
level, the Weyl invariance implies that n + 1 — 10. Therefore, in this case the effective action 
(1) is defined in d+ 1 = 11 dimensions. Consequently, (1) can be thought as the bosonic 
sector of eleven dimensional supergravity and in this sense our result is in agreement with 
M-theory. 
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